We describe topological vortices of a scalar field minimally coupled to a fermionic field. We derive exact solutions for large values of the Ginzburg-Landau parameter, investigate the dynamics of weakly curved vortex loops, and establish a possibility of the formation of classically stable vortex rings.
I. INTRODUCTION
Localized objects generated by topological singularities of nonlinear fields ͓1,2͔ have been attracting wide attention in three major contexts: particle physics, cosmic singularities, and condensed matter. Solutions of this kind comprise a core, which has a well-defined structure dependent on the underlying nonlinear equations, and a far field which evolves in time due to interactions with other ''particles'' of the same kind, and may be governed by linear equations, such as a wave equation, obeying the superposition principle ͓3͔. Thus solutions of this kind, even when they arise in the framework of a classical theory, combine short-range particlelike and long-range wavelike properties in a way that is reminisent of quantum-mechanical entities. This combination of properties has been tantalizing physicists starting from Kelvin ͓4͔, who envisioned elementary particles as excitations of vortices in ether. In modern physics, the ether has been reincarnated as the field-theoretical vacuum, envisaged as a nonlinear medium of a complex and as yet unknown nature.
Attempts to construct elementary particles as singularities of the vacuum have led to beautiful mathematical discoveries ͓5-7͔ but missed their ultimate aim. A major obstacle is that the far field in non-Abelian field theories obeys nonlinear equations, which does not allow us to reduce the full field theory to interactions of localized particles. At the same time, Abelian field theories do not have sufficiently rich structure, and their singularities-vortex lines-are not topologically protected from collapse in three-dimensional space. The same instability to collapse makes questionable the physical significance of cosmic strings ͓8,9͔ which may survive as remnants of phase transitions in the early Universe.
Topological singularities play an important role in condensed matter, where they dominate the dynamics of superfluids, superconductors, liquid crystals, nonlinear optical media, and nonequilibrium patterns ͓3͔. Creation of defects as a result of phase transitions in condensed matter, in particular, superfluid 3 He, has been promulgated as a ''cosmological experiment'' allowing us to gain insight into the creation of cosmic defects ͓10͔. Condensed matter applications are, however, dominated by specific properties of materials, such as inhomogeneities of crystalline structure in superconductors, viscous and viscoelastic properties of liquid crystals, presence of interfaces, etc.
In this paper we address a specific problem of a possibility of stabilization of vortex line singularities. Vortex lines arise naturally in any nonlinear medium with the U͑1͒ symmetry, and may obey dynamics of any kind: relativistic, Galilean conservative, or dissipative. Vortex lines may form stable arrays, however, only when they are aligned extrinsically in a certain direction, e.g., due to rotation or magnetic field. In a truly three-dimensional setting, vortex lines can only exist transiently as a turbulent tangle, and, in the absence of external forces, tend to collapse losing their energy through either dissipation or radiation. Collapse can be prevented in current-carrying rings in media with a more complicated topology ͓11,12͔. The same effect may have another field, which does not possess a topological singularity, but interacts with the vortex line. A suitable candidate is a fermionic field. Straight-line vortex solutions coupled to fermions have been constructed by de Vega ͓13͔ for the case of minimal coupling through magnetic field and by Jackiw and Rossi ͓14͔ for Yukawa coupling mediated by a scalar ͑Higgs͒ field. An important feature of both solutions is the presence of fermionic zero modes ͓10,12͔ that correspond to fermions propagating along the vortex line with the speed of light and localized in the transverse directions.
It is the aim of this paper to investigate the possibility of the formation of a stable vortex ring of a finite radius which is large compared with its core size. We investigate local vortices in a Lorentz invariant U͑1͒ Higgs model minimally coupled to a fermionic field through the gauge ͑magnetic͒ field. Although the model with Yukawa coupling, ensuring easier localization of a fermion on a vortex, is currently more popular ͑see ͓15͔ and references therein͒, we revert to the more economical de Vega's model where fermionic mass is not generated dynamically, and one can restrict to chiral Weil spinors. From the physical point of view, the advantage of this choice is in a looser localization of the fermion, which occurs on the length scale corresponding to the gauge field, rather than Higgs mass and has a sufficiently far range to stabilize a vortex ring with a radius which is large compared to the core size; this range is controlled by the ratio of the bosonic and fermionic charges, as explained below. The ab-sence of Yukawa coupling also permits one to increase the axial fermionic wave number to values comparable to the inverse core size without violating the vortex core structure. The fermion spectrum is quantized also in the minimally coupled model when the vortex loop is closed. Exact solutions are constructed in the so-called large limit, when the mass of the gauge field generated by symmetry breaking is much smaller than that of the Higgs boson, i.e., the inverse core size, so that the far field structure of the vortex is the same as in the type II superconductors.
The paper is organized as follows. First, we introduce in Sec. II the basic equations as the Euler-Lagrange equations of a Lorentz and gauge invariant action. Next, we construct in Sec. III an exact solution for a rectilinear topological vortex, in the specified limit. Finally, we investigate in Sec. IV the effect of the local curvature of the vortex line on its dynamics. Our final result is the existence of a classically stable vortex ring with a radius determined by its energy and the fermionic particle number.
II. THE MODEL
Our starting point is the Lorentz invariant action with local U(1) gauge symmetry, containing minimally coupled bosonic ͑Higgs͒ field and massless fermionic field :
The model contains only two dimensionless parameters: the Ginzburg-Landau ratio , which we further assume to be large, as in type II superconductors, and the charge ratio e; ␥ are the Dirac matrices satisfying the anticommutation relation ͕␥ ,␥
͖ϭ2g
; g is the metric tensor, g being its determinant; ϭ*␥ 0 is the Dirac conjugate, the asterisk denoting the complex conjugate; A is the electromagnetic potential, F ϭ‫ץ‬ A Ϫ‫ץ‬ A is the field strength; summation over repeated indices ͑running from 0 to 3͒ is implied throughout. A local U(1) gauge symmetry means that the action ͑1͒ is invariant under the local transformation ⌳(x ):
→e Ϫi⌳ , →e Ϫie⌳ , and A →A Ϫ‫ץ‬ ⌳. ͑2͒
We shall impose the Lorenz gauge condition ‫ץ‬ (ͱϪgA ) ϭ0.
Although we shall further restrict to the flat space-time, we shall write down the Euler-Lagrange equations derived from the action ͑1͒ for a general metric, that will be useful for transformation using curvilinear coordinates:
The first equation ͑3͒ is the Lorentz invariant GinzburgLandau equation for a complex ''order parameter'' ͑Higgs boson͒. Equation ͑4͒ is the equation for a massless fermion coupled through an electromagnetic field to the vector potential A . The last equation ͑5͒ is the Maxwell equation for the electromagnetic field in the presence of bosonic and fermionic currents. The existence of the term ͉͉ 2 A implies that the electromagnetic field decays exponentially in the far field ͑the Meissner effect͒. The London penetration length ͑known in the field theory as the inverse of the mass of the gauge boson͒ is taken as unity.
III. VORTEX-LINE SOLUTION

A. Radially symmetric equations in the far field
We shall look first for a stationary straight vortex-line solution. We consider Eqs. ͑3͒-͑5͒ in the standard sign convention (g ϭdiag͕1,Ϫ1,Ϫ1,Ϫ1͖ for the Minkowski metric͒. If the fermionic charge is switched off, the standard Abrikosov straight-line vortex solution is obtained at →ϱ ͑see, e.g., ͓3͔͒. The gauge potential changes in this case on an O(1) scale far exceeding the size of the vortex core Ϫ1 , and, as long as the bosonic and fermionic fields are minimally coupled, the latter is not influenced by the vortex core and can be computed in the outer O(1) region only.
We will derive a set of coupled ordinary differential equations for the amplitude of the fields depending only on the distance to the vortex core. In this region, the bosonic phase and amplitude are decoupled, so that the modulus is ͉͉ϭ1 and the phase ϭarg() is a harmonic function verifying ⌬ϭ0. The asymptotic solution for a vortex of unit charge is ϭe i , where the polar angle is in cylindrical coordinates. The only nonvanishing component of the vector gauge potential is the azimuthal component A (r), dependent on radial coordinate r. However, when the fermionic charge is switched on, other components are activated. Due to the cylindrical symmetry, the time and axial components A 0 ϭA t , A 3 ϭA z remain dependent on r only, whereas the radial component A r vanishes because of the Lorenz gauge condition.
Since we deal with a massless particle, chiral solutions are admissible, and the Dirac equation ͑4͒ may include either the spinor or the cospinor part. Taking the spinor , the Dirac equation becomes
where ϭ͕ 1 , 2 , 3 ͖ are the Pauli matrices. It is convenient to present the spinor in the cylindrical coordinates r,,z as
͑7͒
The Dirac operator in the plane normal to the vortex axis ͑denoted by the subscript Ќ) is written in the polar coordinates as
͑8͒
Using Eqs. ͑7͒ and ͑8͒, Eq. ͑6͒ becomes
These two equations are coupled to the Maxwell equations for A . The time and axial components of the fermionic current e ␥ for the spinor are
and the azimuthal component of the in-plane current is j ϭϪ e r f 1 f 2 .
Denoting A ϩ ϭA 0 ϩA 3 , A Ϫ ϭA 0 ϪA 3 and suppressing the subscript in A , we write the following set of ordinary differential equations:
B. Normalizable vortex solution
The coupled set of nonlinear ordinary differential equations ͑ODEs͒ ͑11͒-͑15͒ is not very easy to solve in general. However, a simple nontrivial normalizable solution can be obtained for eϾ1/2. Let f 1 (r) be a nonvanishing function, while f 2 (r) be set identically to zero. Then Eq. ͑11͒ implies A ϩ (r)ϭ0 and kϭ, i.e., the fermion propagates along the vortex axis with the speed of light. The fermionic field does not contribute to the azimuthal current, and the standard exact solution of Eq. ͑15͒ with the boundary conditions A(0) ϭ0 and A(ϱ)ϭ0 is applicable:
where K n (z) is a modified Bessel function of order n. On the other hand, Eq. ͑12͒ yields very easily
where the amplitude is a nominal fermion density measured in units of bulk condensate density. The actual fermion density per unit length is
The asymptotics of Eq. ͑17͒ are f 1 (r)ϳ 1/2 exp(Ϫ 1 4 r 2 ) at r →0 and f 1 (r)ϳ 1/2 r Ϫe at r→ϱ. In the latter limit, one has also A Ϫ (r)ϳϪ4e/r (2eϩ1) . The integral converges if eϾ1/2 and diverges logarithmically with the size of the system for eϭ1/2. Take note that in the case of ring vortices, which is the one of real interest, there is a natural infrared cutoff: the vortex ring radius R. Therefore one can expect that the integral ͑18͒ does not diverge for eϭ1/2, but is estimated to be of the order of R ln R.
It should be noted at this stage that, although the wave number k is arbitrary for a straight-line vortex, we are eventually interested in a ring with a radius Rӷ1, where the admissible values of the wave number and frequency are restricted by the quantization condition kϭϭn/2R with n an integer ͑an additional factor of 1/2 appears since the spinor field is allowed to be double-valued͒. Although it would be natural to normalize 2RN to unity ͑one particle per state͒, our choice of units is convenient computationally, since, unlike N, the nominal density is independent on the charge ratio e. When secondary quantization with the usual anticonmutation rule is carried out ͓15͔, the integral ͐d 4 x ␥ 0 is proportional to N. The fermionic wave functions with different k have identical radial profiles given by Eq. ͑17͒ and are mutually orthogonal. The time-averaged axial current entering Eq. ͑9͒ is just a superposition of contributions from all occupied fermionic states, and depends only on the total nominal density f ϭ ͚q k ϭN , where q k is 1 or 0, depending on whether the respective k state is occupied or not, and the last formula assumes that N lowest states are occupied.
Finally, we compute A Ϫ (r) using Eq. ͑17͒ in Eq. ͑14͒ and allowing for superposition of fermionic currents:
where I n (z) is the other modified Bessel function of order n. Exact solutions for f 1 (r), A Ϫ (r), and A(r) are plotted in Fig. 1 . We can also notice that for eϽϪ1/2, the solution is obtained by setting kϭϪ,
Ϫe e eK 0 (r) , etc. Thus the directions of motion along the vortex line are opposite for a particle and an antiparticle.
C. Energy of the vortex state
From the action ͑1͒ one can compute the Hamiltonian:
where EϭϪ"A 0 Ϫ‫ץ‬A/‫ץ‬t and Bϭ"ϫA are, respectively, the electric and magnetic field, and 3D vectors are set in boldface. The energy per unit length of a particular vortex solution obtained in the preceding section is
͑21͒
where ⍀ϭN Ϫ1 ͚ n ϭ(NϪ1)/4R. This energy diverges logarithmically at r→0. This is natural in the limit →ϱ considered here. The divergence is lifted by using 1/ as the ultraviolet cutoff in the integration, or, more precisely, by matching the solution with the O(1/) core region. In view of the outer asymptotics, the energy is finite for eϾ1/2, as is the fermion density.
IV. DYNAMICS OF A CURVED VORTEX
A. Aligned coordinate frame
We shall study now curvature perturbations along the z axis ͓see Fig. 2͑a͔͒ . These perturbations lead to a local acceleration of the curved portion of the vortex. Since acceleration means a curvature perturbation in the t axis, the problem can be formulated covariantly by transforming to the coordinate frame aligned with the line vortex and considering the space-time curvature tensor of the vortex world sheet. The aligned ͑comoving͒ frame is spanned by spacelike planes normal the world sheet, and 1ϩ1 space-time surfaces drawn by shifting each point of the world sheet by a constant increment in the instantaneous rest plane. These planes are not parallel in Minkowski space when the world line is not rectilinear, i.e., when the vortex is accelerated ͓see Fig. 2͑b͔͒ .
We shall assume that both curvature and acceleration are small quantities of O(⑀). In order to write down the spacetime perturbations of the Minkowski metric , we separate the coordinates a , aϭ0,1 in the 2D subspace tangential to the world sheet, and the coordinates y ␣ , ␣ϭ2,3 in the normal subspace. The components of the metric tensor in the aligned frame are up to order ⑀ ͓3͔,
were K ␣ab is the curvature tensor, symmetric in the Latin indices. If the world sheet coordinates are specified as proper time 0 and arc length 1 , the metric tensor is written in a more explicit form g ϭdiag͕1ϩ2⑀y•a,Ϫ͑1Ϫ2⑀y•͒,Ϫ1,Ϫ1͖, where K ␣00 ϭa ␣ , K ␣11 ϭ ␣ are components of the acceleration and curvature vectors ͑respectively, a and ) lying in the normal plane.
Recalling that the Dirac ␥ matrices satisfy the anticommutation rule ͕␥ ,␥ ͖ϭ2g , one can write down modified ␥ matrices ␥ in the aligned frame
B. Curvature corrections to the basic vortex solution
The O(⑀) corrections to Eqs. ͑11͒-͑15͒ are obtained by using Eqs. ͑22͒ and ͑23͒ in Eqs. ͑3͒-͑5͒ and computing the O(⑀) variations of the action integral, expanded as SϭS 
where
The above equations are written in a general covariant form, but they should be applied in the aligned frame, where the components K ␣ of the curvature tensor differ from zero only on the parallel subspace ,ϭa,b; respectively, K ␣ 0 only in the normal subspace. We have used the formulas, valid in the aligned frame, ‫ץ‬ ␣ ln ͱϪgϭ⑀K ␣ and ‫ץ‬ g ϭϪ2⑀K ␣ ␣ ϭ0. Since a vortex is a topological object, the vortex solution does not break down under this perturbation. We need to compute the order ⑀ correction to the vortex solution of Sec. III generated by the perturbation ͑24͒-͑26͒.
The existence on this first-order correction is not ensured per se, but requires a solvability condition imposed on K ␣ . This condition, related to the Fredholm alternative, requires the perturbation to be orthogonal to Goldstone modes of the basic ͑zero-order͒ solution. This allows us to determine the desired equation of motion of a perturbed vortex without computing the first-order solution. Details of this calculation are given in the Appendix.
The relevant Goldstone mode is the translational mode in the normal direction ͑A5͒. The respective solvability condition is
͑a͒ Schematic representation of the core and the far field of a vortex filament. ͑b͒ Comoving reference frame.
Here the integration is extended to the entire transverse plane. Although the aligned frame becomes singular at distances exceeding the curvature radius, the formula is valid, provided the integrals converge sufficiently fast.
After integration by parts and some simplifications ͑using the fact that most components of the curvature tensor vanish in the aligned frame͒ one gets the relativistic invariant equation of motion for a vortex line
Here k 0 ϭ, k 3 ϭϪk, and
As before, the integral I 1 diverges logarithmically at r→0; the finite result is I 1 ϳln in the limit →ϱ ͓3͔. An identical expression for the first term in Eq. ͑28͒ can be derived using a more common method of geometric perturbation ͓16͔ rather than the solvability condition ͑see a parallel derivation in Ref. ͓3͔͒; the latter method, however, is advantageous in derivation of the second term contributed by the far field. The resulting equation is manifestly covariant and gauge invariant as required.
C. Equation of motion
The final equation of motion reads
However, in view of the results of Sec. IV, one has A 0 ϭA Ϫ /2ϭϪA 3 and kϭ. Taking into account superposition of fermion states with admissible values of k, Eq. ͑29͒ becomes
The finite value of I 1 has been obtained using matching with the standard core solution for the condensate density ͓3͔. The values of I 2 and I 3 for different values of e are shown in Fig. 3 .
From Eq. ͑30͒ one sees that a stationary ring is possible if I 1 ϭ⍀I 2 ϩI 3 . For example, for eϭ1 one has 1 2 ln ϭ1.40⍀ f Ϫ0.52 f 2 .
The right-hand side reaches a maximum at f *Ϸ1.35⍀, or, assuming a large occupation number N, *Ϸ0.34N/R. Two different solutions exist for a given if the Ginzburg-Landau parameter satisfies
One of these solutions is expected to be stable, at least classically. Indeed, the critical value c corresponds to a saddlenode bifurcation, which generically leads to the formation of one stable and one unstable solution.
The result is qualitatively the same for any charge e Ͼ1/2, although the numerical factors are different. However, for eϭ1/2 one has
Therefore an equilibrium ring is possible if 1 2 ln ϭ⍀ f ln͑R ͒Ϫ0.26 f 2 .
As before, the right-hand side reaches a maximum at f * ϭ⍀ ln(R), and the critical value of the Ginzburg-Landau parameter is 1 2 ln c ϭ͓⍀ ln(R)͔ 2 .
V. DISCUSSION
Our main result is the existence of stationary vortex rings stabilized by the fermionic field and described by normalizable rectilinear vortex solutions given in Sec. III with weak curvature corrections. The radius of a stationary vortex ring depends on the parameter and the nominal fermion density f . It is clear that one requires a very large occupation number N to have a consistent vortex loop structure with a relatively large radius. The fermionic wavelength is, however, not restricted in this model and may be of the same order of magnitude as the core size without affecting the validity of the approximation. Existence of stable rings for NϭO(1) remains possible ͑at least classically͒, but requires more technically difficult construction of a ring solution in toroidal coordinates, which might determine a unique admissible value of the ring radius. 
APPENDIX: COMPUTATION OF THE SOLVABILITY CONDITION
As the vortex is slightly curved ͑of the order ⑀), one expects that the rectilinear vortex state computed in Sec. III is also modified up to order ⑀. This means that, if , , and A are the zero-order solution, the actual fields are ϩ⑀
(1) , ϩ⑀
(1) , and A ϩ⑀A (1) . Using these fields, the metric tensor ͑22͒ and the Dirac matrices ͑23͒ in Eqs. ͑3͒-͑5͒, one gets equations for the perturbations (1) , (1) , and A (1) in the first nontrivial order:
The linear operator L is the linearization of Eqs. ͑3͒-͑5͒ around the zero-order fields:
(1)
͑A2͒
By construction, L is an operator created by second derivatives of the action, and, consequently, is Hermitian. There is, however, a subtle point concerning the gauge invariance: if one fixes the gauge in L ͑e.g., the Lorenz gauge͒ we shall solve the linear system with an extra requirement. Actually, the Lorenz gauge requires that the first-order perturbation A (1) satisfy
which very much complicates the solution. Therefore we shall leave free the gauge symmetry ͑2͒ of the original system ͑A1͒, ͑A2͒. This requires that every intermediate step must be gauge invariant and makes the calculations simpler. Equation ͑A1͒ together with Eq. ͑A2͒ solves in principle the problem at least up to the first order. The existence of the first-order correction is ensured by a solvability condition. This condition imposes restrictions on the local curvature tensor K ␣ . We shall stress, however, that we will not get the first-order correction but a condition for existence, which is a simpler task than solving Eqs. ͑A1͒ and ͑A2͒ explicitly.
The solvability condition or Fredholm alternative says that the right-hand side of Eq. ͑A1͒, i.e., Eqs. ͑24͒-͑26͒ is orthogonal to the kernel of the adjoint of L. Because L † ϭL, one needs to find the kernel of L. This space is given by the symmetries that leave invariant the zero-order solutions. The condition that we require for derivation of the equation of motion of a curved vortex line is the translation invariance. The elements of the kernel are
This Goldstone mode is not gauge invariant, and has to be corrected, taking note that the translational symmetry includes a change of the gauge function ⌳ in Eq. ͑2͒. 
͑A5͒
Finally, the inner product with Eqs. ͑24͒-͑26͒ leads to the condition ͑27͒.
